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It is shown that in quantum gravity at finite temperature, the effective potential evaluated in the 
tadpole approximation can have a local minimum below a certain critical temperature. However, 
when the leading higher order thermal loop corrections are included, one finds that no static solution 
exists at high temperature. 
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I. INTRODUCTION 



The purely attractive nature of gravity is the source 
of many instabilities, both at the classical and quantum 
levels. Instabilities in quantum gravity at finite tem- 
perature have been studied from various points of view 
[1 0, 0, i, 0, 0, 0, 0|- Here we will consider this aspect 
in the spirit discussed by several authors d, [l(| [HI G3 



in the context of the 



scalar model. 



II. EFFECTIVE POTENTIAL IN THE 
TADPOLE APPROXIMATION 

The effective potential V g, which is associated with 
configurations involving constant fields, is a useful quan- 
tity for studyin g th e stability of a thermodynamic system 
EH EH fl6l Il7j. In particular, the vacuum expecta- 
tion values of the fields may be determined by minimizing 
V C H. Since the Ricci scalar vanishes for constant fields, 
we can write the effective potential in the form 
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It is well known that at zero temperature, a gravita- 
tional system which would naturally fall upon itself, may 
remain in a static and uniform state in the presence of a 
cosmological constant. It may therefore be interesting to 
inquire whether such a situation can hold also at non-zero 
temperature. In this note, we consider the leading high 
temperature contributions to the effective potential in 
quantum gravity, assuming that self-interactions of the 
thermal matter are negligible. We show that, in this 
regime, the effective potential has no static solution. In 
the approximation where loops appear only through tad- 
pole (one-point) diagrams we find that, for negative val- 
ues of the cosmological constant A, the effective potential 
can have a local minimum below a critical temperature 
T cr . These features are somewhat similar to the ones en- 
countered in the (<^ 3 ) 6 scalar model at finite temperature 
But, in contrast with this theory, quantum gravity 
has a gauge invariance which requires that loops with any 
number of external lines must have the same T leading 
dependence at high temperature [1, 0, 0] ■ When all such 
loop contributions are taken into account, it turns out 
that the effective potential exhibits instabilities at high 
temperatures. The terms which destabilize the local min- 
imum of the effective potential are those associated with 
the hard thermal self-energy and vertex corrections to the 
tree amplitudes which join together the tadpole graphs. 
Such an instability indicates that, even in the presence 
of a cosmological constant, it is likely that a stable grav- 
itational system cannot be formed at high temperature. 

In section 2 we study the effective potential at finite 
temperature in the tadpole approximation, while in sec- 
tion 3 we discuss the effect of the inclusion of higher order 
thermal loop corrections. Some results which follow from 
this analysis may also be understood by means of a dia- 
grammatic approach. 
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where H describes the matter fields coupled to gravity as 
well as the hard thermal effects. 

In this section we shall consider the effective potential 
in the tadpole approximation, which is obtained by keep- 
ing in Ti. only the linear term in the gravitational field. 
Then, one may express the effective potential as 
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where Tq V denotes the energy-momentum tensor of the 
system which includes the leading thermal contributions 
to lowest order. For example, in the presence of a con- 
stant scalar field 

the rest frame of the thermal bath as 



with mass m, Tq V can be written in 
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where u> is a numerical factor which depends on the quan- 
tum numbers of the thermal fields. 

The above effective potential will have a local mini- 
mum at 
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This equation can be solved in closed form and the solu- 
tion, which corresponds to the vacuum expectation value 
(g^), is given by 
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One can give a simple diagrammatic interpretation of this 
result, which may illustrate some points. To this end, let 
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us define 



SV = + K-h^i k = V32ttG 



(6) 



and expand V c g as a power series in the field h^ v . Then, 
up to constants, we can write V e g in the form 
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Here T^" denotes the effective energy-momentum tensor 

V 77^. (8) 
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j-f-i [us;ap j g j-jjg i nverse f the graviton propagator and 
T3, T4, • • • represent the graviton interaction vertices at 
zero momenta. Then, the Euler-Lagrange equation (|U) 
can be written as 
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Using the Dyson-Schwinger method, we can now obtain 
a perturbative solution of @ as a power series in To, 
which may be represented graphically as 




Here the blob corresponds to the tadpole To and each 
line represents the graviton propagator at zero momenta 
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One can verify, with the help of Eq. (jSj) , that by summing 
the series of tree diagrams in Eq. (|10p . one arrives at a 
result which is equivalent to the one given by Eq. J5]) . 

The effective potential © can have a local extremum 
at the value given by Eq. ([5]), provided (g^ v ) is a real 
quantity. This condition requires that det T) < which 
entails, together with Eq. |3]), the relation 
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This result, which is reminiscent of the one found in (</> 3 )6 
theory indicates the existence of a critical temper- 
ature above which the effective potential ([2]) has no ex- 
trema. 

Moreover, in order for a local minimum of the effective 
potential to exist, it is also necessary that 



S 2 V 



off 



5gp V 5g af 3 



> 0, 



(13) 



=<<?" 



where Pp, v ^ a p is the projection operator introduced in Eq. 
(fTTjl . After a straightforward algebra, one finds that this 
requirement leads to the relation 
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(14) 



In view of (|12p , this inequality implies that A must be 
a negative quantity, in order to ensure the existence of 
a local minimum of the effective potential in the tadpole 
approximation. 

We mention here that the constant vacuum expecta- 
tion value of the scalar field may be obtained, as discussed 
for instance in ref . [l2j , through the introduction of self- 
interactions between the scalar fields. Such expectation 
values would then correspond to the value which mini- 
mize the corresponding effective potential. In this note, 
for simplicity, we do not consider these self-interactions, 
since their inclusion would not alter the essence of the 
above considerations. 



III. HIGHER ORDER CONTRIBUTIONS TO 
THE EFFECTIVE POTENTIAL 

In quantum gravity, the leading contributions at high 
temperature satisfy simple Ward identities which reflect 
the gauge invariancc of the theory |, S, 0] • These iden- 
tities relate recursively all higher order Green functions 
to the one-point (tadpole) function. As a result, any n- 
point Green functions will exhibit the same leading T 4 
dependence as does the tadpole diagram. All these ther- 
mal Green functions can be systematically generated, in 
the static case, by the effective action 
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which is gauge invariant under static gauge transforma- 
tions. 

For consistency, all such higher order terms must be 
included in the effective potential (Q]), in which case Ti. 
may be written for collisionless thermal matter, as 
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We emphasize that the collisionless approximation may 
hold at temperatures such that GT 2 <C 1, but would not 
be justified for temperatures at the Planck scale, where 
collisions in the thermal matter become very important. 
Then, the Euler-Lagrange equation derived from this ef- 
fective potential may be written as 
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where the complete thermal energy-momentum tensor is 
given by 
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We note that the thermal part of the tensor T^ v is a 
traceless function at high temperature. Thus, by taking 
the trace of Eq. (jTTJ) , one would get that 
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In view of this condition, we see that Eq. (jTTJ) cannot 
have a consistent solution {g tiv ) at nonzero temperature. 
Consequently, we may conclude that the complete ther- 
mal effective action does not have a local minimum. 

This behavior may also be seen from a diagrammatic 
approach similar to the one which led to Eq. p0[) . In 
the present case, one finds that the vacuum expectation 
value of the gravitational field can be related to a series 
of diagrams of the form 



(20) 



where the full blobs denote the hard thermal self-energy 
and vertex corrections to the tadpole tree- amplitudes. 
But it may be checked that the sum of the above series 
of diagrams would lead to a divergent result, so that a 
regular solution {g^ u ) does not exist in this case. 

The fact that higher order thermal corrections destabi- 
lize the local minimum of the effective potential may be 
understood on physical grounds. This is because such 
contributions lead to the appearance of an imaginary 
part in the free-energy, which can be related to the decay 
rate of the quantum vacuum. Work on this aspect is in 
progress. 
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